PRESCRIBING THE MOTION OF A SET OF PARTICLES 
IN A 3D PERFECT FLUID 
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Abstract. We establish a result concerning the so-called Lagrangian controllability of 
the Euler equation for incompressible perfect fluids in dimension 3. More precisely we 
consider a connected bounded domain of R'^ and two smooth contractible sets of fluid 
particles, surrounding the same volume. We prove that given any initial velocity field, 
one can find a boundary control and a time interval such that the corresponding solution 
of the Euler equation makes the first of the two sets approximately reach the second 
' one. 
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■ 1. Introduction 

^ . 1.1. Presentation of the problem. In this paper, we are concerned with the La- 

grangian controllabihty of the three dimensional Euler equation for perfect incompressible 
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fluids by means of a boundary control. The problem under view is the following. 

Let Q he a. smooth bounded domain of and let F be a nonempty open part of its 
boundary dfl. Given T > 0, we consider the classical Euler system for perfect incom- 
pressible fluids in Q: 

(1) dtU + {u-V)u + Vp = in (0,T)xfi, 

(2) divM = in (0,T) x Q, 

(3) u\t=o = uo in Q. 

^ . As boundary conditions, one usually considers the impermeability condition on dQ: 

O ■ u-n = on (0,T) X dQ, 

where n stands for the unit outward normal vector fleld on dQ. However, in the problem 
O I under view, the impermeability condition is merely imposed on dfl \ F: 

^ (4) M-n = on {0,T) x {dfl\T). 

Consequently, since we do not prescribe boundary values for u on (0, T) x F, the problem 
^ ■ stated as above is underdetermined. It is in fact an implicit control problem; in other 
words, we consider the boundary values on F as a control on this system, i.e. a way to 
influence the fluid in a prescribed way. If one wants to close the system, as shown by 
Khazhikov [13], one may consider as boundary conditions on F the following ones: 

M-non(0,T)xF and curl-u A n on {(t, x) G (0, T) x F such that m ■ n < 0}, 

that is, the normal part of the velocity fleld on F and the tangential entering vorticity. We 
refer to [T^ for more details on this notion of boundary values. Due to the complexity of 
this formulation of boundary values, and as in the literature concerning the controllability 
of the Euler equation (see e.g. [3], [8], |9]), we prefer not to refer to them explicitely 
and to look for the solution {u,p) itself. Once a solution of ([I])-® is given, its suitable 
trace on (0,T) x F can be thought as the control. 
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The question that we raise is the possibihty of prescribing the motion of a set of particles 
driven by a fluid governed by It is classical in fluid mechanics that one can 

describe the motion of a fluid from two different points of view. One possibility, referred 
as the Eulerian description of the fluid, is to describe the velocity of fluid particles that 
pass "through" a given point. The other possibility, referred as the Lagrangian description 
of the fluid consists in following fluid particles along the flow. To that purpose one has 
to solve the differential equation associated to the velocity field. 

The notion of controllability that we consider in this paper is different from the usual 
notion of controllability and, in some sense, closer to the Lagrangian description of the 
fluid than the usual notion of controllability. The standard sense of controllability would 
refer to the possibility of driving the velocity field (the state of the system), from one 
prescribed value to a fixed target. The study of the controllability of the Euler equation 
has been initiated by J.-M. Coron in [3] and [1], and then studied by the first author 
in [8] and [9]. Also related to the boundary control of the velocity field, the question 
of asymptotic stabilization of this system around zero was studied by J.-M. Coron in 
2-D simply connected domains (see |5]) and by the first author for what concerns more 
general 2-D domains (see [TU]). 

In this paper, we consider the problem of prescribing the displacement of a set of 
particles, rather than the velocity field in final time. In [llj, the authors showed that in 
2-D, one can indeed prescribe approximately the motion of some specific sets of fluids. 
The goal of the present paper is to consider the case of the dimension 3. 

1.2. Notations and definitions. In this section, we fix the notations and give the basic 
definitions. 

In the sequel, smooth curves, surfaces or maps will mean C°° ones. We will denote by 
the class of real analytic curves/surfaces. The volume of a borelian set A in will 
be denoted by |y4|. Given a suitably regular vector field u, we will denote by (j)^ the flow 
of u, defined (when possible) by 

(5) dt4>^(t,s,x) = u(t,(f)'^(t,s,x)) and u{s,s,x)=x. 

For A a subset of M.^ and rj > 0, we will denote: 

K,(A) := {x G RV d{x, A) < r]}. 

We will also use the notation Lp{0,T; X{Q{t))) or C^([0, T]; X(fi(t))) of time-dependent 
functions with values in a space X of functions on a domain depending on time Q{t) C 
R^. This refers to the space functions that can be extended to L^(0, T; X(R'^)) or 
C\[0,T];X{R^)). 

We now recall some definitions from differential geometry (see e.g. [T3]). 

Definition 1. A Jordan surface 7 in R^ is the image of by some homeomorphism h. 
According to the Jordan-Brouwer Theorem (see [2] or [I2|), R^ \ 7 has two connected 
components, one of which is bounded and will be denoted by int(7). Moreover when the 
homeomorphism /i is a diffeomorphism, we have a unit outward normal vector field on 7, 
which we will denote by u. 

Definition 2. Two Jordan surfaces 70 and 71 embedded in R^ are said to be isotopic in 
Q, if there exists a continuous map 3 : [0, 1] x — )■ i7 such that 3(0) = 70, 3{1) = 71 
and for each t G [0, 1], 3{t, ■) is an homeomorphism of §^ into its image. When, for some 
k G N\ {0}, this homeomorphism is a C^-diffeomorphism with respect the space variable, 
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3 will be said to be a C'^-isotopy, or, when k = oo, a smooth isotopy. A one-parameter 
continuous family of diffeomorphisms of Q is called a diffeotopy of Q. 



When their regularity is not specified, the geometrical objects are considered to be 
smooth in the sequel. We are now in position to define the Lagrangian controllability 
(the corresponding two-dimensional notion was introduced in [Hj). 

Definition 3. Let T > be a given time. We will say that the exact lagrangian con- 
trollability of Q-dl]) holds if given two Jordan surfaces 70 and 71 included in Q such 
that 

(6) 7o and 71 are isotopic in fl, 

(7) |int(7o)| = |int(7i)|, 
and given a regular initial data Uq satisfying 

(8) divMo = in Q, 

(9) uo-n = on dVl \ T, 

there exists a solution {u,p) of ([I])-(l4]) such that one has 

(10) vt G [o,r], r{t,o,io)cQ, 

(11) 0"(T,O,7o)=7i- 
up to reparameterization. 

Let us say a few words concerning the regularity of u. In general, strong solutions of 
the Euler equation are considered in a Holder or Sobolev space with respect to x, which 
is included in the space of Lipschitz functions. In the sequel, the solutions will be taken 
in the Holder space C'^'"(f2), k > 1. 

If the exact Lagrangian controllability does not occur, one may try to weaken this 
definition as follows. 

Definition 4. We will say that the approximate Lagrangian controllability of 

holds in time T and in norm C'' if given 70, 71 and uq as above, and given any e > 0, 

there exists a solution {u,p) of such that (fTOj) holds and that 

(12) ||0"(T,O,7o)-7i||cMs2) 
up to reparameterization. 

Remark 1. It is easy to see that the conditions that 70 and 71 should be isotopic and 
enclose the same volume are necessary in order that a smooth volume-preserving flow 
drives 70 to 71. In particular |int(7o)| = |int(7i)| comes from the incompressibility of the 
fluid. 

Remark 2. Condition ffTOl) allows to make sure that one "controls" the fluid zone for 
all time by making it stay in the domain; Conditions f fTTj) or f|T2|) would not have a clear 
meaning without it. 

L3. Main result. The main result of this paper is the following, establishing an ap- 
proximate Lagrangian controllability property. 

Theorem 1. Let a G (0,1) and k G N\{0}. Consider uo G C'''"{n;M.^) satisfying ([H])-© 
and 7o and 71 two contractible C°° embeddings 0/ in Q satisfying (jED-dZD- Then for 
any e > 0, there exist a time T > and a solution {u,p) in L°°{0,T; C^'°'{Q;W^)) to 
([T])-(jl]) on [0,T] such that (nHj) and (IT^ hold (up to reparameterization). 



Remark 3. Let us check that, as in the two-dimensional case (see [H]), the exact lagra- 
gian controllabihty does not hold. As is classical, in 3-D the vorticity of the fluid 

(13) uj := curlti, 
satisfies the equation 

(14) dtu + {u ■ V)u = {u ■ V)m. 
Denoting w{t, x) = u(t, 0"(t, 0, x)), we see that 

dtw = {w ■ V)M(t,0"(t,O,x)). 

Thus if initially curl uq = in a neighborhood of 70 then curl u = in a neighborhood of 
0"(t, 0, 7o) as long as (|T0|) is true. 

Now, since u satisfies ([2]), for each time t, in such a neighborhood of 0"(t, 0,70) and 
away from dQ, u{t, ■) is locally the gradient of a harmonic function, and hence is real 
analytic . Therefore, if 70 is a real-analytic submanifold, so will be 0"(t, 0,70) for each 
t G [0,T]. It follows that the exact Lagrangian controllability does not hold in general, 
since one may take 71 smooth but non analytic. 

Remark 4. As will be clear from the proof, the time T whose existence is granted by 
Theorem [1] can be made arbitrarily small. The result does not require a time long enough 
in order for the controllability property to take place, but a time small enough to make 
sure that no blow up phenomenon occurs. 

Let us now briefly describe the strategy to prove Theorem [TJ First, we use a construc- 
tion due to A. B. Krygin [16] to obtain a solenoidal vector field X G C^((0, 1) x Q; M^), 
such that 

Vt G [0,1], 0^(t,O,7o) cn, 
0^(1,0,70) = 71- 

Then we will prove that there exist potential flows (that is, time-dependent gradients of 
harmonic functions in Q), which approximate suitably the action of X on 70. This gives 
us a solution {u,p) of ([I])-(11D with Uq = and T = 1 such that 

l|0^(O,t,7o)-0''(O,t,7o)||c^(§2) <£. 

Then we will use a time-rescaling argument due to J.-M. Coron [3] (see also [8]), to get 
the result for non trivial uq and T small enough. 

The rest of the paper is divided as follows. In Section [21 we consider the existence of 
the above mentionned vector field X, and then of the potential flows. In Section 121 we 
prove Theorem [H by constructing the solution {u,p) taking the initial condition Uq into 
account. 

Acknowledgements. The authors are partially supported by the Agence Nationale de 
la Recherche (ANR-09-BLAN-0213-02). They thank Jean-Pierre Fuel for many useful 
discussions leading to this paper. 

2. FOTENTIAL FLOWS 

2.1. A solenoidal vector field mapping 70 onto 71. The vector field X is obtained 
as a direct consequence of the following result due to A. B. Krygin. 

4 



Theorem 2 ([IS])- Ulo and'^i are as in Theorem 1, then there exists a volume-preserving 
diff'eotopy h G C°°([0, 1] x Q;Q) such that dfh is compactly supported in (0,1) x Q, 
^(0,7o) = 7o and /i(l,7o) = 7i- 

A direct consequence is that the smooth vector field 

(15) X{t,x) := dth{t,h-\x)), 
is compactly supported in (0, 1) x f2 and satisfies 

0^(l,O,7o) =71, 

and 

divX = in (0, 1) x Q. 

2.2. Moving the fluid zone by potential flows. In this subsection we prove the 
following. 

Proposition 1. Let 70 be a C°° contractible two-sphere embedded in Q and consider 
X e C°([0, 1]; C°°(n; ]R3)) a solenoidal vector field such that 

(16) Vt e [0,1], 0^(t,O,7o) cl], 
and let 

7i = 0''(l,O,7o). _ 
For any e > and A; G N there exists 6 G C^((0, 1) x R) such that 

(17) Vt G [0,1], AJ = m n, 

39 

(18) — = on [0,1] X idn\T), 

on 

(19) VtG [0,1], 0^^(^,o,7o)c^], 

(20) 110^^(1,0,70) -7i||c'=(s2) 
up to reparameterization. 

As in \X1^ we prove this proposition by assuming first that 70 is an embedded real 
analytic 2-sphere and that X is real analytic in x. Then we progressively reduce the 
assumptions to the framework of Proposition [H 

2.2.1. Case of an analytic 2-sphere moved by an analytic isotopy. The goal of this para- 
graph is to prove the following proposition. 

Proposition 2. The conclusions of PropositionUlare satisfied if we assume that 70 is an 
analytic 2-sphere (i.e. 70 is the image o/§^ by a real-analytic embedding fo) and that X 
IS moreover m C^{\Q, 1]; C"(^^; K^)). 

It is clear that in that case, is volume preserving real analytic isotopy between 70 
and 7i. The first step to establish Proposition |2] is the following. 

Lemma 1. Let 1 1— )■ 7(t) be a C°([0, 1]; C"^(S^)) family of contractible 2-spheres in Q and 
X G C([0, 1]; C"^(fi)) be a family of vector field such that 



(21) / X-uda = 0, 

then there exists r] > and e C°([0, l];C°°{Vn[znt{-f{t))];R)) such that 

(22) Vt G [0, 1], A,ij = m K,[mt(7(t))], 

(23) VtG [0,1], ^ = X-u on 7(t). 



In other words, Lemma [T] expresses that the solution of the Neumann system 

A,V' = in int(7(t)), 
'^ = X.u on 7(t), 

can be extended across the boundary 7(t) uniformly in t. 



(24) 



Proof. An equivalent lemma in dimension 2 is given in [TT]. By means of real analytical 
local charts (see e.g. the analytic inverse theorem in [U]), 7(t) is locally mapped to the 
plan {xs = 0} by some with 0(int(7(i(:))) C {x^ > 0}. Moreover, we can require that 

d(f){v) is normal to 0:3 = on {X3 = 0}. 

To obtain this property, consider 

(j) : (xi, X2, X3) ^ (xi, X2, 0) + a;3d<^<^-i(^^,^2,o)('^)- 

Then is analytic and invertible (locally) in a neighborhood of {0:3 = 0}. Now, replace 
by o to obtain the requirement. 
Now call 

g := d^^{il) o (j)-^)- 

it satisfies 

a ■ V^fif + h-Vg + cg = Q, 

with a real-analytic Dirichlet boundary condition given on X3 = and analytic coefficients 
a, h and c. We use the following result of Cauchy-Kowalevsky type (see e.g. Morrey pTl 
Theorem 5.7.1']) 

Theorem 3. Let f , a, b and c be real analytic functions on 

Gr := Brn{0,R) n {{xi,...,xn), xn > 0}, 

and y G H'^{Gr) satisfying 

a ■ V'^y + b ■ Vy + c = f in Gr and y = on x^ = 0. 

Assume that for some constant A and L we have 

(25) |V^a(x)|, |V^6(x)|, \VPc{x)\, IV" f{x)\ < LA^^^ , 

for any multi-index p. There exists then R' < R depending only on N, A, L and R such 
that y may be extended analytically on B^N{0,r) for any r < R' . 

Thus for each x G 'jit), Vx'ip ■ ^ can be analytically extended on a neighborhood Vx 
of X across 7(t). Integrating V'0 ■ v along v we deduce that ■0 is real analytic and by 
unique continuation its extension is also harmonic on IJx- Moreover, using the continuity 
of 7 in the variable t from [0, 1] to C"^(§^)Q (so that the coefficients satisfy (l25l) uniformly 
in time), we can find so that -0 is analytically extended on in for each s in some 
neighborhood of t. Using the compactness of Uj{(t, 7()f:))} we see that we can choose 
?7 > uniform in t, such that for all t, ^ can be analytically (and hence harmonically) 
extended in y^(7(t)). Lemma [T] follows. □ 



We refer to ^3] for a definition of the topology on this space. 
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Back to the proof of Proposition\^ We take 7(t) = 0^(t, 0, 70). Due to the regularity of 
X, 7(t) is analytic for any t, and applying Lemma [T] we deduce a function ip. Reducing 
7] > Q given by Lemma [T] if necessary, we may assume that Vr,{'^{t)) does not meet dVt. 

By compactness of [0, 1], for a given e > we can choose < ti < ■ ■ ■ < < 1 and 
5i, . . . ,5n such that 

[0,1] cu;ii(t,-5„t, + 5,), 

Vt G [ti - 5„ ti + 5il 7(t) C K,/2(7(ii)), 

(26) Vs,t e + ||^(s,-)-V^(t,-)llc^(v^Wi,))) 
For each z = 1, . . . , X, we consider 

:= V;,/2[int(7(t.))] U K,/2(9fi \ L), 
V'i := i){tu ■)■ 

Reducing rj again if necessary, we may assume that the connected component oiVL\Ki in 
M? \ Ki meets \ fi. This is possible since the connected component of \ [int(7(tj)) U 
[dVt \ r)] in \ Ki does meet \ since F 7^ 0. It follows that each connected 
component of \ Ki meets \ fi. 

Now we use the following harmonic approximation theorem (see [6l Theorem 1.7]): 

Theorem 4. Let O he an open set in and let K he a compact set in such that 
that 0*\K is connected, where O* is the Alexandroff compactification of O. Then, for 
each function u which is harmonic on an open set containing K and each e > Q, there is 
a harmonic function v in O such that \\v — u\\^ < e on K . 

Recall that the Alexandroff compactification of O is obtained by adding a point, say 
{00} to O and to consider the topology generated by the open sets of C, and the sets of 
the form {00} U (O \ K), with K a subset of O. 

Remark 5. One may state the same result with the norm instead of the uniform one. 
It suffices to consider a compact K whose interior contains K, apply the above result on 
K and use standard properties of harmonic functions. 

We choose points Yi, ...,yp in each connected component of \ Ki, outside Vl. We 
apply the preceding result with C = \ {Yi, . . . , Yp} and K = Ki. In that case, O* can 
be thought as the quotient of S'^ = M'^ U {00} by the identification of Yi, Yp and 00. 

Therefore, for any z/ > 0, we get a map ipi in C°°(M^ \ {Yi, Yp}; M) such that ipi is 
harmonic on \ {Yi, Yp} and such that 

(27) ll^^-^^llc-^(v./.[intw,))])<'^' 

(28) llV^i|lc'=+2(T^(aQ\r)) < ^■ 
Since ipi is harmonic in Q, there holds 

(29) / Vipi-nda = 0. 

Jdn 

In order for (jlj) to be satisfied we consider di in C°°{dQ] M) such that 

(30) di = ViJi-n on dQ \ F, 

(31) IMi||c'=+i{9f^) - CWV^pi ■ ri||(7fe+i(aQ), 

(32) / dida = 0. 

Jan 
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and introduce the harmonic function hi in Q by the Neumann problem 

(33) Ahi = in fi, 

dh- 

(34) '8^ = '^'''' ^' 

hi = 0. 

Note that in particular that by standard elliptic estimates, 

(35) ||^i|lc"=+i(n) < Cu. 
We introduce 

(36) ipi := - hi. 

Taking a partition of unity Xi associated to the covering of [0, 1] by the intervals (tj — 
Si,ti + Si), we define 

N 

(37) e{t,x) ■.= J2Ut)Mx)- 

Due to ([30]) and ([3lD, ^ satisfies Moreover according to (|26l). (1271). ^I^HD and (l35l) we 
have for u small enough with respect to e and for some C > 

(38) sup ||V^-VV^||^.(^[,(,)])<C£. 

te[o,i] 

In particular by supposing e small enough, we have a uniform estimate 

(39) ||V6'||cfc(</,ve(o,t,^o)) < ||V'?/'||cfc(</,vV(o,t,7o)) + 1- 

As long as 0^^(t,O,7o) remains in K?/3(7(^)) one has, using Gronwall's lemma, 
||0^^(t,O,7o)-0^^t,O,7o)||oo 

< ||V^(t, ■) - V0(t, ■)llcO([0,l];CO(TV^[7W]) eXp(||VV'||Ll(0,l;£ip(y,/3[7W]))- 

Then by reducing e if necessary, we get thanks to 0381) that this is valid for all time in 
[0, 1]. Differentiating with respect to x up to the order k, we obtain in the same way 
that for all t G [0, 1], 

||0^^(t,O,7o)-0"'^t,O,7o)||c^([o,i]) 

< II - ^(l)\\cO{[0,l];CHV-,/s{im exp(<^|| V^||Ll((o,l);Tyfc + l,oo(y^/3[^(t)]))). 

This ends the proof Proposition [2l □ 



2.2.2. Case of a smooth 2-sphere moved by a special analytic isotopy. In this paragraph. 
Proposition [2] is extended to the following. 

Proposition 3. The conclusions of Proposition IJ\ are satisfied if we assume that 70 is 
a smooth 2-sphere (i.e. 70 is the image of E>^ by /q a C°° embedding) and that X is 
moreover m ^^([0, 1]; C"^(fi; R^)). 
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Proof. Due to a result of H. Whitney (see [IH]), 7o is imbedded in a smooth family of 
surfaces j^, v e (— t'oj ^o)-, with 70 = 7^ for z/ = 0, 7,^ fl 71,/ = for u ^ u' and 7j, real 
analytic for i/ ^ 0. It follows that either for z/ > or for z/ < 0, one has 

(40) 70 C int[7^]. 



Without loss of generality, we assume that ( HOj) holds for z/ > 0. The family 7,^ being 
smooth with respect its parameters, one has 

(41) 7^ ^ 7o in C°°(§2) as z/ ^ 0+. 

We can then apply Proposition |2] to X on 7,^ for z/ > small. We construct a Of, such 
that ( IT7|) . ( IT8|) . (|T9|) and ( 120|) apply for 7^, instead of 70. The construction also generates 
a family ip satisfying fl2^ in int[0'^(t, 0,71,)]. 

Now we have uniform bounds on the || V'?/^||(7fe(^vv(j^o,7^)) with respect to z/, because 
the constants of the elliptic estimates (see e. g. [3 Theorem 6.30 and Lemma 6.5]) are 
uniform with respect to v thanks to (HT]) . We deduce from ( 139|) that we have uniform 
bounds on || V6'£||f7fc(0vee(t^o,7„)) as z/ — i- 0+. By Gronwall's lemma one gets 



()^''^(t,O,7o)-0'''='(t,O,7o)||c^(s2) < 



C"={S2) 

Cfc||7o - 7v||c'=(§2)exp 



Hence we deduce the claim by taking v small enough. Of course by reparameterizing X 
and thus 9 in time we can always assume that 9 is compactly supported in time. □ 

2.2.3. Case of smooth embedded contractible two-sphere moved by a smooth isotopy. We 
now prove Proposition [H 

Proof of PropositionUi In the general case, we assume that X is merely C°°{Q] R^). Let 
A > such that 

max dist(0^(t, 0, 70), dn) > 2A. 
ie[o,i] 

We define Ut := VA(int(7(t))). Reducing A if necessary, we can obtain that for all t, Ut is 
diffeomorphic to a ball. 

Now we can use Whitney's approximation theorem (see e.g. [151 Proposition 3.3.9]), 
for any > and any A; G N there exists X^ G C([0, 1]; C"^(M^)) such that 

ll-^M ~ -^llc([0,l];C'=+i(Wt)) - 

Moreover, we can ask that 

divX^ = in [0,1] x M?. 

To see this, we use the fact that Ut is a topological ball; hence its second de Rham 
cohomology space is trivial, and any divergence-free vector field (in particular X) on Ut 
is of the form curl A. Hence for each time t one can apply Whitney's approximation 
theorem (at order /c + 2) on ipA where X = curl A and (p{t, x) is a smooth cutoff function 
equal to 1 on Ut and to for d{x,Ut) > 2A. We obtain an approximating vector field 
and define X^ := curli?^. Using as before the compactness of the time interval [0, 1] 
and a partition of unity (as for the proof of Proposition [2]), we can obtain a smooth 
approximation uniformly in time. 

Now we apply Proposition [3] with X^, apply Gronwall's lemma and get the result for 
11 small enough. □ 
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3. Proof of Theorem [T] 

This section is devoted to the proof of Theorem [H As in |H El E], we start with the 
case where uq is small, and then treat the general case. 

3.1. Preliminaries. First we introduce some functions on Q in order to take its topology 
into account, more precisely to describe its first de Rham cohomology space. We recall 
the following construction. 

Let El, Eg be smooth manifolds with boundaries of dimension n — 1 inside Q such 
that: 

• for all i in {1, . . . , g}, 9Ej C dQ and Ej is transverse to dQ, 

• for all i,j in {1, . . . ,(7}^ with i 7^ j, Ej and E^ intersect transversally (which, by 
definition, includes the case of an empty intersection), 

• Q\ Uf^j^Ej is simply connected. 

For i = 1, . . . ,g, we consider 

Xi := {p G H^{Q \ Ul^^T^k), [p]i = constant, [p]j = 0, j 7^ 

where [p]k = P\-^+ — is the jump of p on each arbitrarily fixed side of E^ in Q. Then 
by Lax-Milgram's Theorem there exists a unique G Xi such that for all p G Xj 

Vgi ■Vpdx= [p\i, 

which leads to the existence of a unique pi such that 

Api = in ^]\U^^,Efc, 
dnVi = on 
[pi] . = 1 and [pi]. = for j ^ i, 

[dnqili = 0' 

and we take 

Qi ■= ^Pi, 

which is regular in VL. Then we have the following result. 

Proposition 4 (see e.g. [TB], Appendix I, Proposition 1.1). For any X G L^(fi; M?) such 
that curlX = in Q, there exist x in H^{Q] M) and ai, . . . ,ag inM. such that 

a 

(42) X = Vx + 5Z«igi. 

1=1 

3.2. A fixed point operator. Now we introduce an operator, whose fixed point will 
give a solution of our problem when taking Mq (suitably small) into account. 

We introduce i? > such that 

TI(1Br:=B^,{Q,R). 

We introduce a linear continuous extension operator tt : C(f2;M^) — )■ Co(-B_r;M^) such 
that Vfc G N and all /3 G (0, 1), vr is continuous from C^^^ijl- M^) to Cq'^{Br- M?). 

Let 5 G (0, 1), and consider /x G C^([0, +00); M) with support in [0, 5] and with value 
1 on a neighborhood of 0. 



Given e > we denote 



y ■■= v^, 
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the potential flow obtained by Proposition [T] with X obtained from Theorem [21 For some 
V G (0, 1) which will be small in the sequel we define with a G (0, 1): 

Xu := {u G L°°((0, 1); C"='"(n; R^)), divw = in (0, 1) x fi, - y|Uoo(o,i;c^..(f,)) < z/}. 

It is straightforward to check that X,y is a closed convex subset of L°°{{0, 1) x Q). 

We extend y hj n and still denote y the extended function. Now, given u G X^, we 
associate F{u) as follows. First, we introduce 

u := y + tt{u — y) = 7r(u). 

Next we consider Uu G L°°(0, 1; M.^)) as the solution of the following transport 

equation: 

(43) w„(-,0) = curl7r(no) in B{0,R), 

(44) (9tw„ + (u ■ V)a;„ = (w„ ■ V)m - (div£t)w„ in (0,1) x Br. 

Due the support of it, one sees by using characteristics that the system fj43l) - fj44l) is well- 
posed and that indeed Uu has the claimed regularity (details for obtaining the regularity 
can be found in [S]). 
Now observing that 

curl (a A 6) = (div b)a — (div a)b + (6 ■ V)a — (a ■ V)&, 

we easily deduce that 

div (uu) = in Br, 

so that Uu can be written in the form curl-O in Br. Hence it is classical (since Jg^ uo-nda = 
Jg^ y ■ nda = 0) that there exists a unique v G L°°(0, 1; C'^'"(fi; M^)) such that 

(45a) curlf = Uu in [0, 1] x Q, 

(45b) divt; = in [0,1] x Q, 

(45c) V ■ n = fi(t)uo ■ n + y ■ n on [0, 1] x dQ, 

(45d) / v-Qidx = 0, i = l,...,g. 

Jn 

According to Proposition HJ we can determine g time-dependent functions Xi, . . . , Xg such 
that, if we define 

a 

(46) V■.= v + Y,Ht)Q^, 
we have for all j = 1, . . . , 

(47) / 1^(0) ■ Qj dx= I uo- Qj dx = 0, 
and for all t G [0, 1], 

(48) / V{t, x)-Qj{x) dx— I uo{x)-Qj{x) dx = — I I {u{t, x) AuJu{t, x))-Qj{x) dx dr. 



i=l 



'0 Jn 

This is possible in a unique way since the matrix ( Qi ■ Qj dx)ij is invertible, as a Gram 
matrix of independent functions. 
Now we finally define 

F{u) := V. 
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3.3. Finding a fixed point. Our goal is to prove hereafter: 

Proposition 5. Given u > 0, if \\uQ\\cj,'^[n) is small enough, F admits a fixed point in 
X,. 

We will use the following lemma (see e.g. [H Theorem 3.14]): 

Lemma 2. Let j G N, a € (0, 1). Let f, v, and g be elements o/L°°(0, 1;C^'"{Br;R^)) 
satisfying 

dtf+{v-V)f = g, 

with V and /(O, ■) compactly supported in 3^. Then for some C > depending on j and 
a only, there holds 

\\f{t,-)\y,^iBn)<^w[c j\{s)ds 

11/(0, ■) llc.-(B«) + exp (^-C j^^ V{s) ds^ \\g{r, ■) llc.-(iJ«) dr 
with 

V{s) := ||Vw(s, ■)||c^-i.-(Bb) if j >l and V{s) := ||Vy(s, OHl-cba) if j = 0. 

Proof of Proposition 0. We establish Proposition [5] and find a fixed point of F in 
via Schauder's fixed point theorem. Accordingly, we prove that, u being fixed and for 
||Mo||cfe,Q small enough, F sends X,^ into itself, that F is continuous and F{X,^) is relatively 
compact for the uniform topology on X^. 



Using Lemma m we see that 



\\(^u{t, ■)\\ck-i,^{Ba) < exp C / V{s) ds 



|w«(0, ■)\\c''-hc 



{Br) 



lo ^^"^ir^ L ^^^^^^^ \\H'Tr)\\c''-"{Bn)\\^u{r,-)\\ck~i,.(^Bn)d'T 

with as before 

V^(s) := ||Vm(s, ■)||cfc-2.«(B^) if > 2 and V(s) := || Vm(s, ■) if k = 1. 

We apply Gronwall's lemma to 

t ||cu„(t, •)||c'=-i.-(Bfl)exp ^-C j V{s)ds^, 



and deduce 



|c^«(t)||c^-i."(B«) < ||a;.(0)||c.-i,.(B«)e''"""^°°(»^^^^'=-(^«)). 



Thus with the definition of X^, and the continuity of tt, we obtain that 

(49) ||a;„(t)||c.-i..(B,) < ||a;„(0)||c.-i..(B,)e''^"^"^°°(«'^^^'=-("»+'^ 

Now by fj48l) we have 

|A.(t)| <C(|A,(0)|+t|| 
and thus, with fH7|) . (j49j) and the definition of X^, we deduce 
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Thus, by combining (1^]) . ( 15U]) . and the eUiptic estimates given by we infer that 

(51) \\F{u) - y|L^(o,i;cfe.«(IT)) < C'(lly|lM)l|wo||c''-."(n), 

for some constant C depending on fc, a and y. It follows that for ||Mo||c7fc>a(n) small enough, 
F sends into itself. 

• That F{Xy) is relatively compact is seen easily: given G X^, the sequence 
belongs to Xy and, following the construction, it is easy to see that {dtF{un)) is bounded 
in L°°{0, 1; C'^^^IQ)). The conclusion follows then from Ascoli's theorem. 

• Finally, that F is continuous for the uniform topology can be seen as follows. Let 
us be given G X^ converging uniformly to m G X^. The flows associated to 
Un converge uniformly towards the flow $ associated to u. Hence one can see that Uu„ 
converges uniformly to Uu- Due to the bounds on Uu, this convergence also takes place 
in L°°{0,1; C^~^'^{Bji)) for any f3 < a. We deduce in a straightforward manner the 
convergence of (f„) and (A") corresponding to m„ towards v and Aj corresponding to u, 
and the conclusion follows. 

It follows that F admits a fixed point u in X^. This concludes the proof of Proposition [51 

□ 

3.4. Relevance of the fixed point. Call u the fixed point obtained above. 

1. Let us first check that m is a solution of the Euler equation in [0, 1] x Q. From (1441) . 
and since m = m in [0, 1] x f2, we deduce that 

curl {dtu + {u ■ V)u) = in [0, 1] x Q. 
From fllHl) and (u ■ V)m = V-^^ + (curl u) A u, we see that 

{dtU + (n ■ V)m) ■ Qidx = 0, 
which together with Proposition H] proves the claim. 

2. Now we prove that u fulfills the requirements of Theorem [T] for ||Mo||cfc,a small enough. 
Given x G Br, we have 

r{t, 0, x) -05(t, 0, x) = u{t, r{t, 0, x))-y{t, r{t, O, x))+y{t, 0^(t, 0, x))-y{t, (P^t, 0, x)). 

We deduce easily that for a constant C > depending on y only, 

|0"(t,O,a;) -05(t,O,a;)| < z/ + C|0"(t, 0, x) - ^^(t, 0, 

Thus by Gronwall's lemma we have \x{t) — y{t)\ < Cv where C depends only on y. 
Reasoning in the same way for the derivatives (up to order k) with respect to x of the 
flows, we obtain 

||0"(t,O,-)-0^(t,O,-)||c^(B«)<Cz/. 

Hence taking u small enough (and hence ||Mo||c*.a even smaller), we can obtain (ITU]) and 
(IT^ for T = 1. In order words, there exists c > 0, such that for any uq in C**^'" with 
ll^^ollc'-'." ^ c, one can find a solution of the Euler equation for T = 1, satisfying ffTOjl and 
dia- 
ls 



3. Let us now explain how we can obtain the result without the condition of smallness 
of Mo (but for T small enough). Given uq G C'^'°(f2), we rescale it by considering 



Vo = puo, 

with p > small enough so that vq satisfies ||fo||c7fc,a < c . Applying the above construc- 
tion to fo gives us a solution {u,p) of ([I])-© defined on t G [0, 1] with u(0, ■) = Vq such 
that 

||0"(l,O,7o)-7i||oo<£. 

If we define Up by 

Upit, x) = -u \ -,x 

p \p 

then Up is defined on t G [0, p] and 

||0"''(p,O,7o) -7i|| < £■ 
This concludes the proof of Theorem [TJ 
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